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On a Periodic Solution of the Central Differential Equation in the

Relativity Theory of Gravitation
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Summary.  Assuming the earth's gravitational field is spherically

symmebrlc and the effect of the gravitational field of the sun on

ran artificial earth satellite is negligible, then the motion of &n

cartificial earth satellite is governed by the ordinary geodesics

‘of the static Schwarzschild metric, which in simplified form is
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For a complete discussion of the classical equation (1) and its
notations, refer to G. McVittie (General Relativity and Coszmology,
1 The University of T1llinois Press, Urbana, 1965). Differertiating
equation (1) with respect to the true anomaly ;'.7 and setting
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meemeEe T I we obtain
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where the semi-latus rectum p is related to the semi-major axis a
and the eccentricity e of the Keplerian orbit by ft—=2a 0 - €
An approximate solution of (2) has been given by P. Bergm;nn
(Introduction to the Theory Relativity, Prentice-Hall, Inc., 1960),
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and an approximate periodic solution of (2) starting from the
perigee, that is to say, satisfying the initial conditlons
© At (2) :_}7 (5/ ) =o
is obtained by applying the Lindstedt perturbation method to
iequationkz). To apply Lindstedt method we change the independent

variable :b togthrough the relation
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where %, C2s Cgy + .« « are the unknown coefficients and ¢ 1is an
arbitrary small positive parameter. The smallness of the gravita-
tional radius m (m = 0.443 cm.) enables us to suppose = 3m, and

‘then equation (2) becomes
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Let us write the solution of (5) in a power series with respect to
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the small parameter .-, (6) P r— Al <€t}
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and 1limit ourselves to the first order approximation such that
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Computing d%u/d g2 and u? from (6) and substituting them into
equation (5) and comparing the terms which are constant, those
4,

which are rultiplied by 7. one finds that the leading term ugy 1s

a solution of the unperfurbed equation

(8) and uy satisfies
L ? 9.¢ (147 /) Z
(9) 90t e = Gt e I e S ey g

The unknown LOOF;lCTEHt Cy 45 to be determined such that no
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secular term appears in the solution. Hence we chocsecy so that

(10) Cl = 1/p, and therefore equation (9) assumes the form
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The SOlULlOn of (11) satisfying the initial coniitions
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{Therefore, the first order approximate solution of (3) is
|
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‘Formulae (14) and (15) show that the change in the frequencies is
dependent upon the amplitude a and the eccentricity e of the Keplerian
orbit and zlso of the parameter 7 pfoperty which belongs to the

periodic solutions of all nonlinear autonomous differential equations.
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Ardteding the earth’s gravitationnd field is spherleally symuctric

the elfest of tme gravitabionsl field ¢l the sun on an artifieial
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exrto sstellliie s negligible, then the wobicon of an artificizl esrth
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governed by the osllinry ries of the Sohiresthild

An approximate periodic solution of the satellite orbit is
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and it is shoun that the fre aueney of the soproxdsate
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solution 35 a function of the amplitude snd eccentricity af the

ca‘ﬂ*e poidding Kenlerian orwit.
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